In this paper we study the effects of spatial curvature of the metric on the phase space of vacuum f (R) gravity. Particularly, we appropriately choose the variables of the dynamical system, in order for this to be autonomous, and we study the phase space of the resulting theory, focusing on de Sitter, matter and radiation domination fixed points. Our analysis indicates that the effect of spatial curvature on the phase space is radical, since it destabilizes all the stable de Sitter vacua of the flat spacetime vacuum f (R) gravity phase space, making the phase space having non-trivial unstable submanifolds. This instability occurs regardless if the spacetime has elliptic or hyperbolic spatial sections, and it is also robust towards the choice of initial conditions. We investigate the source of the instability in the system, and also we discuss the stability of the matter and radiation domination vacua, which, as we demonstrate, are also highly unstable. Our results for de Sitter attractors indicate that the stable de Sitter attractors of the vacuum f (R) gravity theory for a flat Universe, are destabilized by the presence of curvature, and this shows that inflation for vacuum f (R) gravity in non-flat spacetime is problematic, at least at the phase space level. This result holds true for both elliptic and hyperbolic spacetimes.
I. INTRODUCTION
Among the various forms of modified gravity, f (R) gravity provides the simplest and most elegant to our opinion, description of several evolutionary aspects of our Universe [1] [2] [3] [4] [5] [6] . Indeed, it is possible to describe two of the most mysterious acceleration eras of our Universe, namely the inflationary and the late-time acceleration era, in a unified framework [7, 8] , and several works in the literature investigate the astrophysical and cosmological implications of f (R) gravity, for an important stream of viable f (R) gravity models, see for example [7, [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . In view of the importance of f (R) gravity in modern cosmology applications, it is vital to know the general behavior of f (R) gravity in a model independent way, and the only formal and mathematically rigid way to achieve this is to study the phase space of f (R) gravity. The correct approach for doing so, is to construct an autonomous dynamical system for the simplest f (R) gravity action, namely that of vacuum f (R) gravity. Actually the dynamical system approach is frequently adopted in the literature for studying cosmological systems with cosmological applications in the study of inflation and dark energy for modified gravity and scalar-tensor theories and cosmological fluids, see for example . The autonomous dynamical system approach was adopted in several previous works on f (R) gravity [58] and other modified gravities [57, 59] , for the study of de Sitter eras and also for matter domination eras. To our opinion, the autonomous dynamical system approach is the most correct approach in studying dynamical systems, since if a dynamical system is non-autonomous, then the linearization techniques, which hold true for autonomous dynamical systems, like the Hartman-Grobman theorem, may lead to mathematical inconsistencies and wrong results. For example [67] , the dynamical systemẋ = −x + t has an explicit solution x(t) = t − 1 + e −t (x 0 + 1), hence all the solutions corresponding to various initial conditions, asymptotically approach t − 1. However, if one applies the linearization theorems, one finds that the fixed point is time dependent and it is x = t, which is not even a solution to the initial dynamical system. In our previous work on vacuum f (R) gravity autonomous dynamical system [58] , the whole study was performed by assuming a spatially flat Friedmann-Robertson-Walker (FRW) geometric background. However due to the fact that there exist several studies which indicate that a spatially curved and actually closed ΛCDM model, provide better fit to the low multipole CMB data [68, 69] 1 , in this work, we will concretely examine the effects of spatial curvature on the phase space corresponding to the autonomous dynamical system of vacuum f (R) gravity. In the literature there exist many works focusing on the effects of spatial curvature on the phase space, see for example [25, [63] [64] [65] [66] . The focus will be on the existence and stability of de Sitter vacua and also for other possible attractor solutions, like matter and radiation domination attractors. Our study will be focused on the first 60 − 70 e-foldings, which is a characteristic time interval for inflationary attractors. In most of the cases, the presence of the spatial curvature will make the phase space quite more complicated, so we shall rely to numerical analysis in order to examine the behavior of the trajectories in the phase space. As in the vacuum f (R) gravity in flat FRW spacetime, the time-dependence in the dynamical system is contained in the parameter m = −Ḧ H 3 , so by assuming that this parameter is constant, we examine a subclass of the phase space which can actually yield such a value for m, and we seek for stable regions or fixed points for this subclass of f (R) gravity cosmologies. In contrast to the flat vacuum f (R) gravity autonomous dynamical system, the spatially curved autonomous f (R) gravity dynamical system has no stable de Sitter attractors, nor has stable attractors of matter and radiation domination type. As we will demonstrate in our detailed analysis, spatial curvature induces strong instabilities in the phase space. This result clearly indicates that the stable inflationary attractors of the flat vacuum f (R) gravity cease to be stable in the non-flat vacuum f (R) gravity, regardless if the curvature is positive (elliptic spatial sections) or negative (hyperbolic spatial curvatures). This result can be interpreted that inflation for f (R) gravity in non-flat spacetimes seems to be problematic. This paper is organized as follows: In section I we review the properties of the flat space autonomous dynamical system of vacuum f (R) gravity, emphasizing on the de Sitter fixed points and their stability. In section II, we construct the non-spatially flat autonomous dynamical system of vacuum f (R) gravity, and we investigate the existence of de Sitter, matter domination and radiation domination fixed points. We examine the stability of the fixed points and we compare the non-flat dynamical system with the flat dynamical system. Also we solve numerically the dynamical system and investigate the behavior of the trajectories in the phase space as a function of the e-foldings number N , emphasizing in values in the range N = [0, 60] . Finally the conclusions follow in the end of the paper.
II. AUTONOMOUS DYNAMICAL SYSTEM OF VACUUM f (R) GRAVITY IN FLAT SPACETIME: AN OVERVIEW
Before we get to the core of this paper, it is worth highlighting the most important outcomes of the flat autonomous f (R) gravity dynamical system study, and for details we refer the reader to Ref. [58] . The general vacuum f (R) gravity action is,
with
and in addition M p stands for the Planck mass scale. In this work we shall adopt the metric formalism, so by varying the action (1) with respect to the metric g µν , we get the equations for motion for vacuum f (R) gravity,
which can be rewritten,
where the prime indicates differentiation with respect to R, the Ricci scalar. The flat FRW metric has the following line element,
where a(t) is the scale factor, and the corresponding Ricci scalar is,
where H =ȧ a is the Hubble rate. By applying the FRW metric in (3), the equations of motion take the following form,
We can form an autonomous dynamical system for the vacuum f (R) gravity, by using the following dimensionless variables,
so by using the e-foldings number instead of the cosmic time, as a dynamical variable that quantifies the evolution, after some algebra we obtain the following dynamical system for the flat vacuum f (R) gravity,
where we used Eqs. (8) and (6), and in addition, the following differentiation rule,
Moreover, the parameter m appearing in Eq. (9) is equal to,
so the only time dependence (or equivalently N -dependence) is contained in the parameter m. Therefore, in the cases that m =constant, the phase space solutions are narrowed down and the dynamical system (9) becomes autonomous. It is conceivable that when we specify the parameter m to be constant, in some sense we seek for a class of cosmological solutions of a specific form, hence by studying the dynamical system (9) for the given value of m, clearly reveals whether the vacuum f (R) gravity theory can realize such a class of solutions, and also indicates the behavior of the trajectories in the phase space, or equivalently, such a study reveals the existence and stability of cosmological fixed points in the vacuum f (R) gravity phase space. In the flat vacuum f (R) gravity case, the equation of state (EoS) parameter w ef f , which is in general defined to be,
when expressed in terms of the variables (8), can be written as follows,
In Ref. [58] we focused our analysis in the cases m = 0 and m = − 9 2 , which correspond in the de Sitter and matter domination cases. Note that the quasi-de Sitter evolution a(t) = e H0t−Hit 2 , along with the exact de Sitter evolution a(t) = e Λt , can yield m = 0, but these are not the only cosmologies that may yield m = 0, for example the symmetric bounce may also yield m = 0. The nature of the attractors of the phase space for m = 0 will be determined solely by the value of the effective EoS parameter w ef f at the resulting fixed point. At this point we need to further clarify the case m =const, focusing for example on the case m = 0. By solving the differential equation (11) for m = 0 one obtains the quasi-de Sitter solution H(t) = H 0 − H i t, which is indeed an inflationary solution known to provide viable cosmological solutions in f (R) gravity. However, our strategy is to assume that m = 0 without solving explicitly the differential equation (11) . As we already mentioned, there are many cosmologies that may yield m = 0 apart from the quasi-de Sitter one, for example the symmetric bounce a(t) = e −Λt , in which case H(t) = −2Λt, and the bouncing point might be the time instance t = 0. In that case, the solution for the Hubble rate is of the form H(t) = H 0 − H i t, but with H 0 being set equal to zero. So the case m = 0 describes a class of cosmological models, not a specific one. Now by setting m = 0, and by studying the behavior of the dynamical system, one may reveal what is the nature of the cosmological solution, by finding the fixed points and evaluating for these the EoS parameter w ef f given in Eq. (13) . This is exactly what we did in Ref. [58] , where we demonstrated that the case m = 0 in the flat space f (R) gravity dynamical system, leads to fixed points which have w ef f = −1. Thus the dynamical system indicated directly what is the nature of the subclass of cosmological solutions corresponding to m = 0. The method is powerful and formal since we do not fix the form of the Hubble rate, by specifying the initial conditions for example (that is we do not fix H 0 and H i in the solution H(t) = H 0 − H i t), and the dynamical system analysis reveals the nature of the resulting attractor solution, by yielding w ef f = −1, which is an exact de Sitter final attractor. Also it is important to note that the system may start from a quasi-de Sitter solution, and it results to an exact de Sitter solution, as was demonstrated in Ref. [58] . Thus the method of dynamical systems reveals the actual evolution of the cosmological solution without making any specific assumptions on the initial conditions chosen for the Hubble rate, apart from the obvious choice of the subclass of solutions corresponding to m = 0. In conclusion, one does not specify the exact value of the Hubble rate by setting m = 0, but a subclass of cosmological solutions is studied. The dynamical system analysis reveals the exact evolution in terms of the fixed points and the corresponding phase space trajectories.
As was shown in Ref. [58] , for the case m = 0, the dynamical system (9) has the following two fixed points,
and as it was shown numerically, for various initial conditions, the fixed point φ 2) is stable and the fixed point φ 2 * (x 1 , x 2 , x 3 ) = (0, −1, 2) is unstable. Also, by substituting the value of x 3 corresponding to both fixed points (14) , namely x 3 = 2, we obtain w ef f = −1, so both the fixed points φ 1 * and φ 2 * are de Sitter fixed points, or equivalently, de Sitter attractors. Moreover, as was shown in Ref. [58] , the vacuum f (R) gravity which leads to the fixed point φ 1 * has the following functional form,
while the functional form of the f (R) gravity which leads to the fixed point φ 2 * = (0, −1, 2) at leading order, is the following,
Finally, the variables x 1 , x 2 and x 3 (8), satisfy the Friedmann constraint,
which is also satisfied by the fixed points. Having discussed the flat vacuum f (R) gravity phase space structure, in the next section we present in detail the effects of spatial curvature on the phase space structure of vacuum f (R) gravity.
III. AUTONOMOUS VACUUM f (R) GRAVITY DYNAMICAL SYSTEM IN SPATIALLY CURVED SPACETIME
In this section we shall investigate how it is possible to construct an autonomous dynamical system for a vacuum f (R) gravity theory, for a spatially non-flat FRW metric. The action of the theory and the equations of motion for general metric remain the same as in Eqs. (1) and (3) respectively. So let us assume that the metric has the general non-spatially flat FRW form,
with a(t) being the scale factor and K is the curvature of the three dimensional spacelike hypersurface t =const, which can be K = 0, ±1. In this case, the Ricci scalar has the following form,
where
where again
. Two useful relations for the extraction of the autonomous dynamical system corresponding to the cosmological equations (20) are the following,
which we shall extensively make use of in the following. In order to extract an autonomous dynamical system from Eqs. (20) , it is compelling to introduce the following variables (recall we have set κ 2 = 1),
so by comparing Eqs. (8) and (22) it can be seen that due to the non-zero curvature effects, it is required to use an additional variable in order to extract an autonomous dynamical system from the f (R) cosmological equations. Again, by using the e-foldings number as a dynamical variable, by using the new variables (22) and the cosmological equations (20), we obtain the following autonomous dynamical system for the vacuum f (R) gravity in a spatially non-flat FRW background,
where we used Eqs. (20), (21), (22) and (10) for the extraction of the dynamical system, and in this case too, the parameter m is given in Eq. (11) . As in the flat FRW metric case, the only N -dependence of the dynamical system (23) is contained in the parameter m, so if we assume that this is constant, then the dynamical system is rendered autonomous. The nature of the possible fixed points of the dynamical system (23) will be determined by the total EoS parameter w ef f , which in the non-flat FRW dynamical system case has the following form,
a relation which easily follows if Eqs. (12), (21) and (22) are combined. Finally, the Friedmann constraint in this case reads,
In the following sections we shall investigate the structure of the phase space for the non-flat FRW vacuum f (R) gravity, for various constant values of the parameter m, emphasizing on the cases m = 0, m = − 9 2 and m = −8, which describe de Sitter, matter and radiation domination fixed points.
A. Study de Sitter Attractors of Spatially Curved f (R) Gravity Phase Space
Let us focus our study in the case m = 0, which as we saw in the flat vacuum f (R) gravity corresponds to de Sitter fixed points. So in this section we will address the following questions, are the fixed points of the non-flat vacuum f (R) gravity dynamical system (23) de Sitter vacua, and if yes, are these stable, or the presence of the curvature terms destabilizes the phase space? For m = 0, the dynamical system (23) is rendered autonomous, so the study of the behavior of the trajectories in the phase space can be studied in a easy and formal way, by examining the linearized system. Let us recall the formalism of the Hartman-Grobman theorem, which will be useful in the following sections. Consider a dynamical system of the form,
with g(Φ(t)) being a locally Lipschitz continuous map of the following form g : R n → R n . Let the fixed points of the autonomous dynamical system (26) be φ * . The Jacobian matrix of the linearized dynamical system near a fixed point, denoted as J (g), is equal to,
By calculating the Jacobian at the fixed points, this will eventually reveal whether a fixed point is stable or not, only in the case that the fixed point is hyperbolic. A hyperbolic fixed point corresponds to the case that the eigenvalues of the Jacobian matrix at the fixed point, namely e i , have non-zero real parts, that is, Re(e i ) = 0. Then the Hartman-Grobman ensures that the linearized dynamical system,
is locally homeomorphic to the initial dynamical system (26) , at the vicinity of the fixed points φ * , hence by studying the linearized dynamical system is enough in order to understand the behavior of the trajectories near the fixed points, and therefore decide about their stability. If the eigenvalues of the Jacobian satisfy Re (σ(J (g))) < 0, then the fixed point is stable, and in all other cases, the fixed point is unstable. Let us now find the fixed points of the dynamical system (23) in the case m = 0, and let the functions f i for general m, be defined as follows, 
is equal to,
Focusing now in the case m = 0, by solving the system of equations f i = 0, i = 1, .., 4, we obtain the following fixed points with physical significance,
By looking at Eqs. (32) and (14), the similarity is obvious, since the only difference is the existence of the condition x 4 = 0 in the new fixed points of the phase space. Also for the fixed point φ 2 * , the values of x 2 are free to be chosen, but in order to have consistency with the Friedmann constraint (25), we must require x 2 = −1 for the fixed point φ 2 * , therefore the resulting fixed points for the case m = 0 are,
Clearly, for both the fixed points, the EoS parameter (24) is equal to w ef f = −1 when evaluated at the fixed points (33), so both the fixed points (33) are de Sitter fixed points. As we saw in the previous section, for the flat FRW vacuum f (R) gravity case, the fixed point φ 1 * was found to be stable, while the fixed point φ 2 * was unstable. Let us now see what new features does the variable x 4 introduces in the phase space. In order to see this, let us calculate the eigenvalues of the Jacobian at the fixed points, so we start off with φ 1 * , so the Jacobian in this case is,
and the corresponding eigenvalues are (−2, −1, −1, 0), while for the fixed point φ 2 * , the Jacobian is,
with eigenvalues (−2, 1, 0, 0). Therefore, by looking the eigenvalues it is obvious that both fixed point are not hyperbolic, and in effect, numerical analysis is needed to reveal the stability of the fixed points. After a thorough investigation of the trajectories in the phase space spanned by the variables x 1 , x 2 , x 3 and x 4 , for various initial conditions, the resulting picture is that the trajectories of all the variables blow-up after a few e-foldings, so in effect, the two fixed points (33) are strongly unstable. This can also be seen in Fig. 1 , where we plotted the behavior of x 1 (N ), x 2 (N ), x 3 (N ) and x 4 (N ) as functions of the e-foldings. As it can be seen in Fig. 1 , the trajectories blow-up even after a few e-foldings, and this occurs for various initial conditions, for both positive and negative curvatures, even for small initial values. Hence, we can conclude that the effect of spatial curvature in the vacuum f (R) gravity phase space, is that it completely destabilizes the stable de Sitter fixed points of the flat case. The result is model independent and covers all possible cases of f (R) gravity that may lead to de Sitter vacua. This can also be seen for various initial conditions in Fig. 2 , where we plotted the trajectories in the x 3 − x 4 plane. As it can be seen, there exist multiple infinite trajectories, a fact that depicts the strong instabilities that the curvature introduces in the phase space. Before closing it is worth noting that in this case too, the functional form of the f (R) gravity leading to the fixed points φ 1 * and φ 2 * (33), are given in Eqs. (15) and (16) respectively. More importantly, both the fixed points (33) have x 4 = 0. Thus the dynamical system has essentially the same fixed points with the flat case f (R) gravity, however the effect of the curvature is non-trivial in the dynamical system, since it destabilizes the fixed points. The dynamical system of the non-flat case obviously has a rich underlying structure, possibly in the form of some unstable manifolds, the study of which is beyond the scopes of this article.
Before closing we need to discuss an important issue having to do with the dimensions of the dynamical system (23) and the Friedman constraint (25) . Basically one could reduce the dimensions of the dynamical system to three instead of four by taking into account the Friedmann constraint, however we kept all the variables in order to have a concrete idea on how these behave as functions of the e-foldings number, and see how the instability occurs in the system. In the case at hand, the presence of the x 4 terms make the system strongly unstable, so there surely is some unstable submanifold related to x 4 . We hope to address these mathematical issues in a focused future work.
B. Study of Matter and Radiation Domination Era Attractors of Spatially Curved f (R) Gravity Phase Space
Now let us turn our focus on other cosmological solutions, so let us discuss the case m = − 9 2 , which as was shown in Ref. [58] , corresponds to matter domination fixed points of the autonomous dynamical system, with w ef f = 0. The fixed points of the corresponding flat autonomous dynamical system (9) with m = − 9 2 , are the following [58] ,
The eigenvalues of the Jacobian matrix J for the first fixed point φ 1 * are (6, −4.272, −0.386001), while for the fixed point φ 2 * these are (6, 4.272, 3.886) . In effect, both equilibria are hyperbolic and unstable. Also, since x 3 = 1 2 , for both the fixed points (36) , in both cases the EoS parameter is w ef f = 0, and this justifies why these fixed points are called matter domination fixed points.
Having discussed the flat autonomous f (R) gravity dynamical system for the case m = − 9 2 , let us now see the effects of the spatial curvature on the corresponding autonomous dynamical system (23) . For m = − 9 2 the physically acceptable fixed points of the dynamical system are the following,
As it can be easily checked, for both the fixed points φ 1 * and φ 2 * , the EoS parameter (24) becomes w ef f = 0, so both the fixed points (37) are matter domination fixed points. Also the Friedmann constraint (25) is also satisfied for both the fixed points. For the fixed point φ 1 * the Jacobian matrix (31) 
and the corresponding eigenvalues are (6, 4.272, 3.886, 1) , so the fixed point φ 2 * is also hyperbolic and unstable. The instability of the phase space can also be seen in Fig. 3 , where we plot the functional dependence of the variables x i (N ), i = 1, .., 4, by solving numerically the dynamical system equations. . Similar considerations can be made for radiation domination fixed points. By choosing m = −8, the fixed points of the dynamical system (23) are the following, 
the eigenvalues of which are (8, −5, 2, 0). Also for the fixed point φ 2 * , the Jacobian matrix is,
and the eigenvalues are (8, 5, 5, 2) , so only the fixed point φ 2 * is hyperbolic and it is clearly unstable. Finally, a numerical analysis of the phase space indicates that strong instabilities occur in the phase space.
In conclusion, apart from the de Sitter fixed points studied in the previous section, also the matter and radiation domination fixed points are unstable equilibria of the autonomous curved FRW vacuum f (R) gravity dynamical system. Hence, this result supports our claim that the effect of curvature is to destabilize the phase space structure of vacuum f (R) gravity.
Qualitatively, our results clearly indicate that the stable de Sitter attractors of the flat spacetime vacuum f (R) gravity are destabilized strongly even in the presence of a small non-zero curvature in the metric. This result holds true even for positive (elliptic spatial sections) and negative curvatures (hyperbolic spatial curvatures). Hence due to the unstable phase space structure, we have strong hints to claim that inflation in the non-flat vacuum f (R) gravity theories is problematic or at least is not so universal, compared to the flat case one, since there is no stable de Sitter attractor in the theory. The existence of stable inflationary attractors in a gravitational theory is of fundamental importance, since even the slow-roll expansion assumes a stable attractor that eventually will attract all the phase space trajectories on it. An insightful work analyzing the slow-roll expansion in view of the existence of inflationary attractors is [70] .
IV. CONCLUSIONS
In this paper we studied the effects of spatial curvature in the autonomous dynamical system of vacuum f (R) gravity. After appropriately choosing the variables, we constructed a dynamical system which can be rendered autonomous in the case that the parameter m = −Ḧ H 3 takes constant values. We focused on three cases of interest, namely for m = 0, m = − 9 2 and m = −8. The case m = 0 corresponds to de Sitter vacua, since the fixed points have a EoS parameter equal to w ef f = −1, which is characteristic of the de Sitter evolution. As we demonstrated, the presence of spatial curvature destabilizes the flat space phase space, which was shown in a previous work to be stable. The result is robust towards the choice of different initial conditions. The absence of stable inflationary attractors indicates that inflation in non-flat vacuum f (R) gravity is problematic and not so universal compared with the flat vacuum f (R) gravity case. The same instability behavior occurs for the case m = − 9 2 , which corresponds to matter domination related fixed points, and also the same behavior applies in the case m = −8, which describes radiation domination equilibria. As we demonstrated, all the matter and radiation domination fixed points are unstable hyperbolic equilibria. However, the flat case autonomous dynamical system for f (R) gravity, in the cases of matter and radiation domination equilibria, was also unstable, so the most interesting case of this study was the de Sitter case, and particularly one needs to understand why the non-flat autonomous dynamical system becomes destabilized. It is clear that the new variable x 4 , which was absent in the flat case, brings some instability in the dynamical system. So it is certain that the phase space of the non-flat de Sitter case has a rich underlying mathematical structure. It is highly possible that non-stable manifolds are formed, strongly related with the x 4 subspace. The study of these unstable manifolds is mathematically non-trivial because the dynamical system is highly non-linear, but the complete investigation of the above issues will be given elsewhere. Finally, it would be interesting to extend the current study by taking into account dark matter and baryonic matter. Eventually, in this case the dynamical system would become much more complicated and only numerical investigation would be the only approach for studying the dynamical evolution of the trajectories in the phase space.
